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Initial Development of Noncircular Jets
Leading to Axis Switching
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This paper discusses the underlying mechanisms for the deformation of coherent structures which occurs in
the initial stage of the axis switching of noncircular jets. The generalized shooting method is applied to jets with
elliptic-core and equilateral-triangular-core regions of constant flow. The analysis reveals that in order to have
the deformation, three requirements must be present in the behavior of the eigenmodes of noncircular jets: 1) the
eigenfunctions are localized without excessive overlapping; 2) the amplification rates of the corresponding eigen-
modes are comparable; and 3) sufficient phase speed difference exists between the eigenmodes. The qualitative
behavior of the noncircular jets found through the numerical analysis is compared with experimental results and
are in good correlation with them.

I. Introduction

ONE of the most peculiar aspects of noncircular jet evolu-
tion1'5 is axis switching, which is of interest from a fun-

damental scientific point of view and for its potential applica-
tion.6 We have investigated the initial development of axis
switching in the elliptic-core jet through the use of instability
analysis.7 The initial development of axis switching is
characterized by the deformation of the coherent structures in
the elliptic jet. The deformation of the structures and subse-
quent development of axis switching can be associated with
the self-induction of the asymmetrical distribution of the vor-
ticity in the elliptic jet,8 which causes differences in roll-up
locations. The portions of the elliptic vortical structure around
the major axis roll up slightly farther downstream than those
of the minor axis. Thus, the rolled-up structure in elliptic
shape appears to be deformed. This deformation of the elliptic
jet is clearly seen in the forced elliptic jets in Ho and Gut-
mark's paper9 (see Fig. 10). The deformation is the initial
development in the axis switching of the jet. The analysis for
the axis switching of the jet is beyond the scope of the present
work. However, it must be pointed out that, without the
deformation in the initial development, there will be no swit-
ching of the axis for the jet.

Flowfield measurements show that an equilateral-triangular
jet also undergoes a switch in its shape orientation in the
downstream direction.10 The spreading rate of the flow at the
flat sides is larger than at the vertices. The amplification of
turbulence is different at the two sections, and so is the tur-
bulence structure.11 Coherent structures are generated at the
triangle's flat side, but fine-scale turbulence dominates the
flow emanating from the vertices. This observation has also
been confirmed in reacting triangular flames.12
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The coexistence of large-scale structures at the flat sides and
small-scale eddies at the vertices makes the triangular jet an at-
tractive flow configuration for combustion systems.13 The
unique combination of large- and fine-scale mixing of the
combustion reactants and the molecular mixing is necessary
for the chemical reaction.

In this paper, we analyze the equilateral-triangular-core jet
in terms of the behavior of eigenmodes. The results are com-
pared with those of the elliptic-core jet in order to demonstrate
the common underlying mechanisms of the deformation in the
noncircular jets from the perspective of instability analysis.
The generalized shooting method,14 based on both integral
and differential equations, is used for the calculations because
it has been found to be more practical to apply than the
Helmholtz integral equation formation.15

The assumed symmetry properties and the associated spatial
instability classes of triangular jets are given in Sec. II, and the
analytic specification of the jet mean flow profile and coor-
dinate transformation of the Rayleigh equation are presented
in Sec. III. The numerical results for the behavior of the eigen-
modes in triangular-core jet are compared with those of
elliptic-core jets to demonstrate the common mechanisms of
the deformation of noncircular jets. The qualitative com-
parison between numerical and experimental results are made
with respect to the underlying mechanisms for the deforma-
tion of noncircular jets in Sec. IV.

II. Assumed Symmetry Properties and
Spatial Instability Classes of

Triangular-Core Jets
We express the velocity profile of a straight jet in an inviscid

incompressible fluid with incremental pressure p and density p
as

U=W(x,y)ez (1)

where Wez is the jet mean flow velocity (W>Q) and u the
fluctuating velocity associated with spatial instabilities. Ap-
plication of the linearized momentum and mass-conservation
equations and the assumed (z,t) dependence, exp{/(oz — u>t) }
for u, /?, and p, then gives the Rayleigh equation

(V2-cx2)/?+ (2)
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Fig. 1 ^=0.5 contours from inside (diamond-shaped) to outside
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represents measured contours at z/De = 0.2, where z is the streamwise
distance from the nozzle, and De is the equivalent nozzle diameter.

where
.V =exx dx

—-dy

For a given frequency a?, the solution of Eq. (2) with/? finite
and —0 for r = V*2 + y2 — oo yields the corresponding
wave number (Re{a}=ar) and spatial growth rate
(-Im{a) = -«,).

On the basis of mean flow data for triangular jets shown as
the solid line in Fig. 1 (see Sec. Ill for details), we assume that
the mean flow W, expressed as a function of the polar coor-
dinates (r,</>), has the symmetry properties

W(r,4>) = W(r, -</>) W(r,<t>) = jr

in addition to the single-valuedness condition

(3)

(4)

It then follows from Eqs. (2-4) that a formal group
theoretic argument16 shows that there are four symmetry
classes of eigenf unctions.

Class I:c3,(f=0,l,2, ...)

> (r)

Class 2: s3,(f= 1,2,3, ...)

(5a)

(5b)

(5c)

(6a)

(6b)

(6c)

(7b)

x- v
(/C)

The c3( and 5-3f eigenmodes correspond to one-dimensional
representations of the group of proper covering operations of
an equilateral triangle, whereas the e3(±l eigenmodes corres-
pond to the two-dimensional representation of this group (see,
e.g., page 8 of Ref. 16). An analogous classification of elliptic
jet eigenmodes has been given by Morris17 and the present
authors.14'15

The symmetry properties given in Eqs. (5-7) allow the com-
putation region to be limited to 0<</><7r/3 for c3e and s3e and

!</>! <7r/3 for e3t±l. Because we are interested in an in-phase
forced jet, we will discuss only the eigenmode class c3( in the
following.

III. Specification of the Mean Flow and
Coordinate Transformation of the

Rayleigh Equation
The core region of uniform mean flow is assumed to be

bounded by the equilaterial triangle shown in Fig. 1. We will
use the nondimensionalized coordinates

= x*/L, y=y*/L (8)

where x*, y* are the unsealed coordinates, and L = 2x the
triangle area bounded by half the mean velocity contour/cir-
cumference of the same triangle.

It is convenient to represent equal-mean-velocity contours
by the family of closed curves (the so-called Toda equipoten-
tial curves)18

H(x,y) =exp{ - (a2/2) (x+V3y)) +exp{ - (a2/2) (*-

(9)

with a2 fixed and a3 an implicit function of the mean velocity,
given by a3 =//(x0,0). The parameter x0 is related to the mean
velocity W(w,y) (nondimensionalized by the core region
velocity WQ) by

where 00 is the momentum thickness (chosen to be 0.02). The
typical mean velocity contours [W=Q.5 or x0 = l from Eq.
(10), from which a3 can be determined; thus, the mean veloc-
ity contours are obtained by Eq. (9)] for various a2 and a
measured velocity contour are shown in Fig. 1. For the fixed
a2 = 2, two mean-velocity contours C and C corresponding to
H^=10~6 and 1-106, respectively (see Fig. 2), are found
through Eq. (9) for two different values of a3 (remember that
a3 is a function of W). Note that the modification of the
mean-velocity contours from the triangular shape to, e.g., a
rectangular shape can be easily achieved by adding one more
exponential term and replacing the respective exponents with
appropriate angle relations in Eq. (9).

The core region, with W=WQ const, is bounded by the
triangle (C) shown in Fig. 2. The Cartesian coordinates (xe,
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Fig. 2 Node points on the contours for W=Wi = l<r6(C) and W= WN = 1 - 10~6 (C, for 00 = 0.02, a2 = 2, and a = 1); a) the actual
calculation region is cross-hatched, and b) the transformed calculation region is in the XQ and <t> plane.

ye) of a point on this triangle are related through

(11)

where </> is the polar angle, defined as 0<0<<£max, with
<Amax given by

and a is a parameter that controls the node distribution on C.
A given point x = (x,y) outside this triangle is then specified as
the intersection of the normal line to the point (xe,ye) on C
and the contour described by Eq. (9). Thus, x and y are func-

tions of x0 and </>. The momentum thickness distribution
described earlier (see Fig. 2) will be called NU1 (nonuniform).

For the triangular-core jet (the contour of the core is
represented by the curve C, which is found by the same way as
earlier) with equimomentum thickness, the contours outside
of C are specified by W, where

where JCG is the distance measured from a point (xe,ye ) on C
along the normal line. We shall use the abbreviation Ul
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Fig. 3 Contour plots of \uz\ of circular-jet modes at <o = 5.4 [with cosm<£, m = 0, a); m
schematic azimuthal phase variations b) and d), respectively.

3, c); azimuthal variations] and their corresponding

(uniform) for this type of momentum thickness distribution.
It will be convenient to make a transformation of variables

from x,y to jt0,</> [defined in Eqs. (10-13), respectively]. A
relation between x,y, and x0,<£ is easily found from Eqs. (9-13)
and the expression for the normal line to C.

The transformed Rayleigh equation, Eq. (2), may be ob-
tained in the form

d2p d2

dxl ' d<t>dxQ

(14)

where the bi are functions of a, w, x0, and <£. The transforma-
tion of the computation region is shown in Fig. 2. The x0-<t>
plane node points for the finite-difference calculations are

our calculations, 00 = 0.02, M = 25, andTV = 215, unless other-
wise indicated.

IV. Discussion
The numerical results are presented for the fundamental

and first "overtone" of the c3e class [Eqs. (5a-c)] with two
types of azimuthal momentum thickness distribution (NU1
and Ul). The calculational results are compared with the
behaviors of eigenmodes in elliptic-core jet. The common
features in eigenmodes of triangular- and elliptic-core jets are
discussed in relation to the underlying mechanisms of the
deformation of the coherent structures in the noncircular jets.

The modal fluctuation velocity components are related to
the pressure eigenfunction by

1
dx

(16a)

*/=- M-l dy
(16b)

*o= *m C/-l), (15)

where jcmin and ;cmin are found through Eqs. (10) and (13) cor-
responding to Wl = \0~6 and Wn = \-Wl, respectively. In where p0 is the ambient density.

dW dp dW\~\
dx dy dy / J

(16c)
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In Fig. 3, contour plots are shown for the magnitude \uz I
of circular-jet modes at approximately the frequency (co = 5.4)
of maximal amplification [with cosm^ m = Q (a); m = 3 (c),
azimuthal variations] and their schematic azimuthal phase
variations (b) and (d), respectively. The magnitude and phase
<t>z of uz are defined by

(17)

It is clear from Eqs. (5c) and (6c) that the circular-jet modes,
m = 0 and m = 3, are special cases of /7<0) andp^ [or p<3)].

Now the circular mean-velocity profile is deformed into
triangular profiles by increasing the value for a2 (see Fig. 1).
The frequency is kept at co = 5.4, which corresponds approx-
imately to the most amplified frequency. Two types of
azimuthal momentum thickness distribution are studied. The
first is typically found in the initial development region of the
triangular-core jet, where the momentum thickness at the
vertex is larger than that at the flat side (see Fig. 2). The sec-
ond one is an equimomentum thickess distribution. We have
assigned the abbreviations NU1 and Ul for the first and sec-
ond types of momentum thickness distributions, respectively.
There is no difference between NU1 and Ul at the limit of
fl2 = 0 (see Fig. 3). The mean-velocity contours are now
deformed from the circular to triangular shape by increasing
a2. Figure 4 shows the magnitude \uz I of c0 [NU1 (a) and Ul
(c)] and c3 [NU1 (b) and Ul (d)] eigenmodes for a2 = 2. The
eigenfunctions c0 and c3 for NU1 both show negligible ac-
tivities at the vertex. Maximum activities occur at </> = 0 for this
case, and they are always scaled as one. The increased ac-
tivities of \uz \ for both eigenmodes around the flat side are

evident. This implies that in the initial development region of
the triangular jet, the coherent structures are found only
around the flat side. On the other hand, the maximum activity
of eigenfuction c3 is now shifted to the vertex for Ul. With
this coexistence of eigenmodes c0 and c3, it is possible to find
the coherent structures at all azimuthal locations of the
triangular-core jet for Ul. The behavior of the corresponding
eigenvalues is depicted in Fig. 5 as a2 is increased from 0 to 2.
For NU1, the amplification rates for c3 are rapidly decreased
relative to those of c0 as a2 are increased. There is a minute
phase-speed (Cp) difference between modes for a2 = 2. The
eigenvalues for Ul show strikingly different behavior from
those for NU1. There is no significant depression in the
amplification rate for the c3 mode. The amplification rates for
c0 and c3 modes are comparable. There is a noticeable dif-
ference in the phase speed between c0 and c3 modes as a2 is in-
creased. The phase speed of c3 is increased, whereas that of c0
is decreased with increasing a2. The amplification rates and
phase speeds ( C p ) of the eigenmodes c0 and c3 for two types
of momentum thickness distribution (NU1 and Ul) are shown
as functions of o> in Fig. 6. The differences in the amplification
rates for the eigenmodes c0 and c3 with NU1 are significantly
larger than those of the same eigenmodes with Ul, regardless
of the frequencies. The phase speed of the c3 mode is con-
sistently higher than that of the c0 mode for all of the
calculated frequencies in the case of Ul. The absolute dif-
ferences in the phase speeds between the two modes are
especially greater in the case of Ul than in that of NU1 in the
vicinity of the most amplified frequency. Therefore, it is ap-
parent that selection of frequency (e.g., choice of 5 or 6 for w)
does not alter the behavior of the two modes described
in Fig. 5.

1.5

0.5

0

CO WITH NU1 (a)

0

1.5

0.5

00

0.5 X/L 1

CO WITH U1 (c)

1.5

0.5

1.5 °0

1.5

0.5 X/L 1 1.5

0.5

0
0

C3 WITH NU1 (b)

0.5 X/L 1 1.5

C3WITHU1 (d)

0.5 X/L 1.5

Fig. 4 Contour plots of \uz I of eigenfunctions, at to = 5.4 for a2 = 2.
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Two significantly different aspects for the behavior of the
triangular-core jets are found, depending on the types of
azimuthal momentum thickness distribution NU1 and Ul.
The first aspect relating to the behavior of eigenmodes with
NU1 is that, as a2 is increased, the eigenmodes c0 and c3 show
negligible activities at the vertex with increased activities
around the flat side, and the amplification rates for c3 are
greatly depressed in comparison to those of c0 with an in-
significant difference in phase speeds between the two modes.
The second one, which is associated with Ul, is that the ac-

tivities of the eigenmodes are polarized; the maximum activity
of the CQ mode is concentrated around the flat side, whereas
that of the c3 modes is localized at the vertex of the triangular-
core jet, and a noticeable phase-speed difference is created
without loss of a comparable amplification rate between two
modes. The first aspect is inherent in the initial development
region of the jets issued from nozzles containing sections with
acute corners. The discussion of the second aspect will be car-
ried out by comparison with similar behavior found in the
elliptic-core jets.

The initial development of the axis switching of elliptic-core
jet is studied through the behavior of the eigenmodes. The
evolution of the two circular-jet modes m = 0 and 2 is exa-
mined as eccentricity is increased. The azimuthal distribution
of momentum thickness is kept uniform [chosen to be 0.02 of
L = V(AB)] and A/B = 2 (A and B are lengths of semimajor
and semiminor axes, respectively) is assumed unless stated dif-
ferently. As the eccentricity of the jet is increased, the eigen-
functions become localized [one that evolved from m = 0
circular-jet mode (+ +0) is localized around the minor axis,
and the other one evolved from m-2 circular-jet mode
(+ +2) is around the major axis], as shown in Figs. 7a and
7b. Phase-speed differences increase between the two eigen-
modes as the eccentricity increases, while the comparable
amplification rates are maintained as shown in Fig. 7c. (The
phase speed of eigenmode + +0 decreases, whereas that of
eigenmode + +2 increases as the eccentricity is increased.)
Figure 8 shows the amplification rates and phase speeds of
+ +0 and + +2 modes as function of frequency. It is ap-
parent from the figure that selection of frequency in the vicin-
ity of the most amplifiedTrequency does not alter the behavior
of two modes described in Fig. 7c.

Under the in-phase forcing of the circular jet, the m = 0
mode [constant amplitude and phase along the aximuthal
direction (see Fig. 3)] would be the dominating one. With
similar reasoning, it is assumed that in-phase forcing of the jet
selects out a linear combination of the fluctuation-of-velocity
eigenmodes of the + + class (in the elliptic-core jet) or c3g class
(in the triangular jet). The coefficients of eigenmodes can be
found through biorthogonal relations.7 Constructing a proper
linear combination of the eigenfunctions of the two modes
(actually another higher mode evolved from m = 4 is used)
yields streamline patterns emanating from the minor and ma-
jor axes, as shown in Fig. 9. The roll-up location of the major
axis is clearly delayed slightly further downstream relative to
that of the minor axis. This is demonstrated experimentally in
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the initial development region of a forced (in-phase) elliptic
jet, as shown in Fig. 10. More details, such as the method of
constructing the linear combination of eigenmodes, the effects
of violating one of three condition owing to compressibility,
and variation in azimuthal momentum thickness and tem-
perature, are reported in Refs. 7 and 19. Needless to say, the
behavior of eigenmodes c0 and c3 for Ul in the triangular-core
jet displays remarkable similarities to that of eigenmodes of
the elliptic-core jet. The behavior is represented by the polar-
ized locations of the eigenfunctions and the creation of phase-
speed difference without loss of comparable amplification
rates between the eigenmodes. This suggests that roll-up of the
portions of the triangular vortical structure around the ver-
tices is slightly delayed further downstream relative to por-
tions of the flat side in the triangular-core jet with Ul. Thus,

0.5

- 0.4

0.3
9 10

Fig. 8 af (solid line for + +0 and dotted line for + +2) and Cp
(dashed line for + + 0 and chain-dotted line for + + 2) are shown as
functions of co.

the rolled-up structure in the triangular shape appears to be
deformed. The mechanisms for the deformations of the initial
coherent structures in both noncircular jets (elliptic- and
triangular-core jets) are found to be the same. These
mechanisms will be discussed further in relation to the cor-
responding experiment results in the following section.

The calculations of the velocity fluctuation eigenfunction
for fundamental and overtone modes with NUI show that the
velocity fluctuations concentrate at the center section of the
flat sides of the triangular jet and are absent from the vertices
in the initial development region. In order to have deforma-
tion of the coherent structures in the triangular-core jet,
it is suggested that an equal momentum thickness must be
achieved in the flow development process. In the following
section, these results are compared with experimental results
obtained for various triangular configurations.

V. Experimental Results
Two different triangular jets were tested to study the effect

of the initial momentum thickness distribution on the growth
pattern of the jet. One jet has a triangular orifice nozzle, and
the other was discharged from a triangular pipe.

The orifice nozzle has an equilateral triangular shape with
an equivalent diameter of 50 mm. A bell-mouthed contraption
is attached to the upstream section of the orifice to eliminate
separation and to reduce the overshoot of the mean-velocity
profile, typical in orifice jets. The nozzle is attached to the
ducting system, which includes a settling chamber, screens,
and honeycombs to reduce the turbulence level. At a Reynolds
number of 40,000, the exit turbulence level is 0.4%. The initial
momentum thickness at the flat side is equal to 0.0073 De, and
that at the vertex side is 84% thicker.

A 40-W 12-in. loudspeaker is mounted in the settling
chamber wall to apply forcing to the flow. The wavelengths
corresponding to the forcing frequencies are more than an
order of magnitude larger than the nozzle diameter. This im-
plies that the forcing was predominantly in-phase (axisym-
metric) and coherent. Flow visualization is done by direct
photography of smoke injected into the jetrs shear layers

A/B = 2 AND u> = 5.4

Y 0.90
0 0 0 0 0 o o o o o a)

Fig. 9 Streakline patterns for elliptic-core
jet in a) minor and b) major axis planes.
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0.12

Fig. 10 Initial development region (indicated by i) and subsequent
axis switching region (indicated by s) of a forced elliptic jet in a) minor
and b) major axis planes.

Fig. 11 Flow patterns of the equilateral-triangular jet issued from
the center of the flat side and from the vertex, with forcing frequency
at its preferred mode frequency.
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X/D0
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X/DP = 0.1 X/n = 0.4 X/De = 1.0

X/DP = 0.32 X/DP = 1.9 X/DP = 6.7

Fig. 12 Variation of the momentum thickness with the axial distance
for the vertex and flat sides of the triangular jet, orifice jet, a), and
pipe jet, b), and corresponding growth patterns of the contour, c) and
d), respectively (W = 0.5 mean velocity represented by the dashed
line), at various streamwise distances x/De.

through a 0.5-mm pipe. A strobe light synchronized with the
jet's forcing signal is used to study the structures at different
frequencies and phases relative to the forcing signal.

The pipe jet has an equilateral-triangular cross section, with
an equivalent diameter of 19 mm, and is 19 diam long. The in-
itial momentum thickness at the flat side is 0.047 De, and that
at the vertex side is 70% thicker. The Reynolds numbers is
60,000, and the turbulence level at the exit is 4%. The mean
and turbulent flowfield measurements are carried out using
hot-wire anemometry with 50-kHz frequency response. The
calibration, data acquisition, and analysis are done using a
laboratory minicomputer.

The flowfield of the equilateral-triangular orifice jet is
visualized by smoke in an air jet. Figure 11 shows the flow pat-
terns of the jet at the center of the flat side and at the vertex
for a jet that is excited at its preferred mode frequency. Large
coherent structures are generated in the jet's shear layer at the
flat side, whereas the shear layer at the vertex is turbulent with
predominantly fine-scale eddies. The formation of coherent
structures at the flat sides and their absence from the vertices
correlate with the calculation results discussed in the previous
section, showing that the activities of eigenfunctions with NU1
are concentrated at the flat sides.

The evolution of the momentum thickness in the streamwise
direction is different for pipe and orifice jets. The initial
momentum thickness is higher at the vertices relative to the
flat sides for both jets. For the orifice jet, the momentum
thickness of the vertex becomes the same as that of the flat
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side at a streamwise distance 0.6 De, as shown in Fig. 12a.
Figure 12b shows that the momentum thickness at the vertex
remains always greater than that of the flat side, even up to the
streamwise distance of 6 De for the pipe jet.

The stability calculations discussed in the previous sections
showed that, for NU1 (the momentum thickness at the vertex
was greater than that at the flat side), all of the calculated in-
stability modes were concentrated at the flat side. When Ul
(equal azimuthal momentum thickness distribution) was
achieved, the activities of one of the instability modes shifted
to the vertex, whereas the other mode was predominantly con-
centrated at the flat side. It was also shown that there was no
loss of comparable amplification rates and that phase-speed
difference was created between two modes. These mechanisms
led to the deformation of the initial coherent structures by the
bending of the vertex sections in the streamwise direction. The
deformation was followed by the completion of axis switching
in the elliptic and triangular jets, as shown in Figs. 10 and 12c,
respectively. In the case of the pipe jet, the axis switching was
not observed, as seen in Fig. 12d, because the condition for the
azimuthal momentum thickness distribution to be Ul was not
achieved [see Fig. 12b)]; therefore, the mechanisms needed
for the deformation and the axis switching did not exist.

VI. Concluding Remarks
The attempt was made to identify the underlying mech-

anisms for the deformation of the coherent structure that oc-
curs in the initial stage of the axis switching of the noncircular
jets. The generalized shooting method is applied to jets with
elliptic- and equilateral-triangular-core regions of constant
flow. The analysis shows three common behaviors of the
eigenmodes in the noncircular jets having the deformation.
These are 1) the eigenfunctions are properly localized without
excessive overlapping; 2) the amplification rates of the cor-
responding eigenmodes are comparable; and 3) sufficient
phase-speed difference exists between the eigenmodes. These
conditions are satisfied in the triangular-core jet with Ul, in-
dicating that it is necessary to have an equal azimuthal
momentum thickness distribution in order to have the defor-
mation of the coherent structures. This theoretical finding is
supported by the experimental investigation, which is carried
out with the use of the orifice and pipe jets. The orifice jet
shows Ul condition in the flow development proess, whereas
Ul condition is not achieved in the case of the pipe jet. Conse-
quently, the axis switching is observed in the orifice jet but not
in the pipe jet. The initial development region of the orifice jet
is described by NU1 condition, and the generations of the
large-scale coherent structures at the flat side and turbulent,
predominantly fine-scale eddies are found at the vertex. This is
correlated with the theoretical results, which show that all of
the eigenfunction activities are located at the flat side, with
negligible activites found at the vertex with NU1 condition.
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